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Background and Objective

Serendipity finite elements. S, on rectangle E:

o H'-conforming

e Approximate to O(h"T!) with minimal # degrees of freedom
(DoFs)

BDM mized finite elements. BDM,. on rectangle E:

e H(div)-conforming

e Approximate velocity to O(hTJrl) with minimal # of DoF's
Related by de Rham complex.

div P._1(E) — 0

curl

R —s S,11(E) -5 BDM,.(F)

Problem. Lose accuracy when mapped to a quadrilateral E

Objective. Define direct finite element spaces that
e Include P, (E) directly in the space (for approximation)
e Use minimal number of degrees of freedom

Minimal # DoFs for H'-Conformity (r > 2)

Geometric decomposition.

Dimension  Object Number DoFs/Object Total DoF's
0 vertex 4 1 4
1 edge 4 dimP,._s(e) 4(r—1)
2 cell 1 dimPr_4(E)  3(r—2)(r—3)

total # DoFs = dimP, +2 =— We must add 2 supplements to P,

Direct Serendipity Spaces

|DST(E) =P, (BE) ®SZ°(B)

We get a family of direct serendipity elements for supplements

| SPS(E) = span{AaXaAl, *Riz, MiAsA]; “Ras}

Choices.
1. Linear functions Ags and A3

and Aiz(x) = —(x — x73) - V13

A2a(x) = —(x — X54) - V24

2. The functions Ri3 and R24' are defined to satisfy the properties
Riz(x)]e; = =1, Ri3(})|eg =1, R2a(X)|ey = —1, R2a(x)]e, =1
Further define: R; = %(1 — Ri3),R3 = %(1 + Ri13), etc.

Direct Mixed Spaces
We get mixed finite elements from direct serendipity by de Rham.

Reduced H(div)-approzimation

R — DST+1(E) curl V;ed(E) div

]P’Tfl(E) — 0

The image of one map is the kernel of the next. DoFs map properly.

VIYE) = curl DS, 41 (E) ® xP,_; = P2(E) @ SY (E)

where we identify SY(E') = curl S?_fl (E)

Full H(div)-approzimation

R DS,y1(E) vl (g) 2 5 p (B) — 0

r

ViYE) = curl DS,41(E) ® xP,. = P2(E) @ xB, @ SY (E)

AC spaces. We recover the AC spaces (Arbogast & Correa 2016) by
a special choice of supplements S?S(E) that are mapped.

Notation
Bilinear map.
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Linear polynomials.

Ai(x) = —(x—x%x;)-v; o distance of x to the

line through edge e;

€i

Space of polynomials. P.(Q2), Q C R?
Nodal points for the DoF's.
Xy,3 Xe 41
Xy, 4 ! xe,42 %
Xe 32

Xe,11 .

Xe,12 e,31 *B,1
Xp,1 Xu,2 Xe,21 Xe,22

r=2 r=3 r=4 r=5

Nodal Basis Functions
Interior nodal basis functions (r > 4) Let {¢g,;} C Pr_4 be a nodal
basis for the cell nodes {xg ;}, where t =1,...,dimP,_4
A1 X2 A3 ] (x)dE,i (%)
A1 A2 Az A4](xE,q)

@E,i(x): :1,.‘.,dim]1)',-74

Edge nodal basis functions, e.g., @e,11(x) is 1 at x¢,11, 0 at other
nodes

For some p € P,._3(FE) (take p = 0 if r = 2), let
be,11 = A2Aa(Asp + A£4‘2R1) € DS (E),
with p satisfying the conditions
Npa 2 (Xe.14)
Asz(Xe,14)

Subtract interior DOFs and normalize.

p(Xe,1i) = — Vi=2,...

Vertex nodal basis functions. For example,
Pu,1(x) = Ag(x) Aa(x)
Subtract previous DOFs and normalize.

Approximation Properties of DS,
We define a nodal interpolation operator Z;, (cf. Scott & Zhang, 1990)

Theorem. Assume that
e 1<p<ocandl>1/p(orl>1ifp=1)
e T is uniformly shape regular with parameter o,
e For every E € T}, the zero set of A2y intersects e; and es,
and that of \13 intersects ex and ey
e Ri3 and Rs4 are m times differentiable in the vertices of E

Then there exists C = C(r, o) > 0, such that Vv € Wlﬂ(ﬂ),

1/p _
( Z HU—IZUHngn(E)) <CH m|“|wzl3(n)’ 0<m<I<r+l
E€ET),

Numerical Results
Test problem. Q = [0, 1]?

—V-(Vp)=f inQ, p=0 ondQ
Mesh.
Th
Results. L?-errors and convergence rates for S, and DS, spaces
=2 r=3 | r=4 =5
n error rate rate rate error rate
s"‘
8 [ 5.714e-04  2.92 2.89 3.72 2.0056-06  4.13
32 | 9.799e-06  2.90 2.85 3.16 8.342e-09  3.84
64 | 1.440e-06 _ 2.70 2.61 3.05 6.644e-10 _ 3.56
DS,
8 | 3.492e-04  3.00 1.07 5.00 8.896¢-08  5.96
12 | 1.036e-04  3.00 4.08 4.99 7.870e-09  5.98
24 | 1.206e-05 _ 3.00 4.05 5.00 1.235e-10 _ 6.00

Similarly, [p — pr|g1 ~ O(h") for DS,..

Numerical tests for direct mixed spaces show the error and convergence
rate for ||p — pnl|, [|[u — un||, and ||V - (u — uy)|| are optimal.

Summary and Conclusions

1. Many families of direct serendipity spaces found for quadrilaterals
e No mappings required
e Constructed an explicit basis
e Optimal order of approximation and number of DOFs

2. New direct mixed finite element spaces found for quadrilaterals
e Arise from the de Rham theory
e Optimal order of approximation and number of DOFs
e We found the direct serendipity space giving AC spaces

3. The construction could be extended to polygonal meshes.




